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1. Introduction. The character sums

**(G) = Z x(x(x" + Q))    and   pk(Q) = £ x(x* + Q),
x=o 1=0

where x(f(x)) = (f(x)\p), have been studied. The connection of $2(Q)

and \p¡(Q) with the representations p = a2+b2 (a = l (mod 4)) and p = s2

+ 3t2 (s=l(mod 3)) of an odd prime p was established by Jacobsthal [4] and

von Schrutka [6], It follows from the results of Jacobsthal that $2(1) has the

value —2a or 0 according as p = a2+b2 or p9ia2 + b2, and from the results of

von Schrutka that ^3(1) has the value — 2s or 0 according as p = s2 + 3t2 or

p9is2 + 3t2. (An elegant development of these particular results is given in

[3].) If p = 8k + l=c2 + 2d2 (c=(-l)*+l(mod 4)), Whiteman [7] has shown

that i>4( 1) = 4c. However, if p = 8k + 3 = c2 + 2d2, $4( 1 ) = 0. We shall establish a

theorem for primes of the form c2 + 2d2 entirely similar to the results of

Jacobsthal and von Schrutka mentioned above, and indicate some results

obtained for primes of the form u2 + 5v2.

If p is a prime of the form a24-62 (6 even) and Q is a quadratic nonresidue

of p, Jacobsthal showed that &2(Q)= ±26, but was unable to remove the

ambiguity in sign for any specific choice of the nonresidue Q. E. Lehmer [5]

has determined the sign of $2(2) if p is a prime of the form 8« 4-5. We shall

determine the sign of 4>2( —3) if p is of the form 12«4-5, and for these same

primes, obtain a congruence defining 6 similar to one given by Stern for

primes of the form 8«4-5.

2. Three lemmas. If GF(pm) denotes the finite field of pm elements (p

prime), then the following lemma is evident.

Lemma 1. If p is an odd prime, 9 a nonzero element of GF(pm), and 9 is of

multiplicative period e, then for s a positive integer

e if s = 0 (mod e),

6" - 1
- = 0 if s $ 0 (mod e).
ß> - 1
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If £ is an integer, and £2 —4 is a quadratic nonresidue of the odd prime p,

the multiplicative period e of a root 6 of y2 — Py + 1=0 in GFip2) is greater

than 2 and divides p + 1. Conversely, if the multiplicative period e of an

element 0 of GFip2) is greater than 2 and divides p + 1, then for some integer

£, 0 is a root of y2 — Py + l =0 with P2 — 4 a quadratic nonresidue of £. If £

is an integer, and £2 —4 is a quadratic residue of p, y2 — Py + l = 0 has a root

in GF(p).

Let B and 0-1 be the roots of y2-£y+l = 0 in GFip2). Then F„ = ö"

+0~n (m= 1, 2, • ■ • ) satisfy the recursive relation F„+2 = £Fn+i— Vn and are

elements of GFip), or what is equivalent, residues modulo p. From these re-

marks, we have

Lemma 2. Let p be an odd prime, w and 6 elements of GFip2), w of multiplica-

tive period p — 1 and 6 of multiplicative period p + 1. Let Fi(x) =x, F2(x) =x2 —2,

and F„+2(x)=xF„+i(x) —F„(x) (m = 1, 2, ■ ■ •). Let

p-i p-i jj+i
An = E xiVnix)),       G„ = E XÍ«"" + w-*"),    am/   9„ = £ X(6kn + fr"*").

x-0 A-l n-1

£A<JM 2An=ßn+e„.

Applying Euler's criterion to ß„ and ©„ in Lemma 2, we obtain

Lemma 3. Let w, 0, and A„ oe defined as in Lemma 2. Then

(„-DU p-i /(j. _ i)/2\ (p-d/2 p+i /¡i. _ 1W2\
2An= E  Er )-'"^-i>'2+ E  E(      i;/"W-4.-i>/s

i-O        (-1 V 5 / i-O        1-1 \ 5 /

¿M GF(p2).

The application of these three lemmas to A3, A4, and A6 leads to the results

mentioned in the introduction. In making this application, the following

congruences involving the binomial coefficients are needed.

If p = ik + l=a2+b2 (a=l (mod 4)),

(1) (     J = 2a (mod p) (Gauss).

If p = 8k+l = c2 + 2d2 (c = (-l)*+1 (mod 4)),

/4*\
(2) (      J = - 2c (mod p) (Gauss-Stern).

If p = 8k+3 = c2+2d2 (c = (-l)*+1 (mod 4)),

(Ik + 1\
(3) I I = 2c (mod p) (Stern-Eisenstein).
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If p = 20k + l=u2+5v2,

/10*\ /10¿\ /10¿\ /10¿\

If £ = 20Jfe+9 = tt2+5i;2,

/10¿ + 4\ /10¿ + 4\ /10x + 4\ /10¿ + 4\

The congruences in (5) can be obtained by combining the method of

Cauchy [l] in obtaining (4) with that of Eisenstein [2] in obtaining (3).

3. A3. We first prove

Theorem 1. If p is prime and p = l2k+5 = a2+b2 (a = l (mod 4)), then

$i( — 3) = 2b, where b = a (mod 3).

Proof. We note that A3=<ï>2( — 3), and Lemma 2 gives 24>2( — 3) = fi3+@3.

Since (3, p-l) = l, we have fi3 = £*:} x(x*+xr*) = JX\ x(*+«_1) =*i(1)
= -2a, where asl(mod 4). Since ©3 = 3 Ei-V)/3 X^+fr-"), ©3 = 0 (mod 3),

and this gives <ï>2( —3)s= —a (mod 3), where a = l (mod 4). Then, —3 being

a quadratic nonresidue of p, we have <i>2( —3) = 2o, where o=a (mod 3)

(as=l (mod 4)), and Theorem 1 is proved.

Continuing under the hypothesis of Theorem 1, we now apply Lemma 3

and then Lemma 1 to A3 = í>2( —3). Noting that w_1 has the same multiplica-

tive period as co, and 0_1 has the same multiplicative period as 8, we obtain

/6k + 2\ /6k + 2\ (6k + 2\
2*!(-3).(í-.)(3í + i) + 2(í+»(     k    )+(,+ »(3i + i)

(6k + 2\
= 2Í j (modp).

Then applying Theorem 1, we have

Theorem 2. If p is prime and p = 12k+5 = a2+b2 (o=i (mod 4)), then

(6k + 2\
(^     k    J m 2o (mod /.),

wAere 6 = a (mod 3).

4. A4. We employ A4= Eï-o x(*4 — 4x2 + 2) to prove

Theorem 3. .4 m odd prime p can be expressed in the form p = c2 + 2d2 if and

only if p = 8k + l or p = 8k + 3. Moreover,

2~2x((x+2)(x2-2))= \[
a—0 V

^ . «x (0   if p 9¿ C2+  2d2,

[2c (c ■ (-1)*+' (mod 4)) if p = c2 + 2d2.
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Proof. The first part of the theorem is well known. To prove the second

part, we apply Lemma 3 and then Lemma 1 to A4.

If p = 8k — 1, we obtain

{Ik - 1\
2A4 =" 2(p - 1) I     o    J (mod p),

and hence A4= — 1 (mod p).

If p = 8k — 3, we obtain

(+k - 2\ (\k - 2\ (+k - 2\

2A.-2(,-i)( o ) + (í-,)(2t_i) + (í + ,)(2í_i)(m^í),

and hence A4= — 1 (mod p).

If p = 8&4-1, we obtain

/ik\ /4£\ /4¿\
2A4,2(,-l)(o) + 2(,-l)(J + (,-l)g

+ (*+!) (2*) (mod p),

and then applying (2) we have A4=2c— 1 mod p, where c=( —1)*+1 (mod 4).

If p = 8k+3, we obtain

/4/fe + 1\ /4k + 1\
2A4=- 2(p-l){     o    j + 2(p+l){     k    )(modp),

and then applying (3) we have A4 = 2c— 1 (mod p), where c = ( — l)k+1 (mod 4).

Now

£ x((* + 2)(x2 - 2)) = 2Zx(x(x2 - 4x + 2)) - _C [1 + x(*)][x(*2 - 4* + 2)]

- Z x(*2 - 4x + 2) = X x(x* - 4x2 + 2) + 1 = A4 + 1.

Therefore

ç;1 ÍO   (mod a) if p = 8k - 1 or * = 8* - 3,(6)    E#+2)(i!-2))^ \        n      r

ÍTo \2c (modp)ií p = 8k+l ox p = 8k + 3,

where c = ( — l)k+1 (mod 4). Since the sum on the left in (6) is even and

numerically less than p, (6) implies

Ci (0   if * = 8* - 1 or * = 8* - 3,
2Zx((x+2)(x2-2))= \ r '
»_o (2c ú p = 8k+ 1 or p = 8k + 3,

where c = ( —1)*+1 (mod 4), and Theorem 3 is proved.
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We note that Theorem 3 for the case p = 8k + l is also implied by the re-

sult of Whiteman mentioned in the introduction since then

p-i

2 Z x((x + 2)(x2 - 2)) = 2A4 + 2 = 04 + 64 + 2 = *8(1) + 2a 4- 1

= 4>4(1) + $2(1) + *i(l) + 2a+l = 4>4(1) = 4c.

5. A5. The proof of Theorem 3 suggests a similar application of our lemmas

to As= Zi-ô x(*(*4 —5x24-5)), the relevant congruences now being (1), (4),

and (5). This yields a result similar to Theorem 3, but less complete. We omit

the details of the proof but state the result as

Theorem 4. Let p be an odd prime. If p 9a u2 + Sv2, then p = 20/fe + r

(r = 3, 7, 11, 13, 17, or 19), and

Z x(x(x* - 5x2 + 5)) = 0.
1-0

// p = u2 + 5v2, then either p = 20k + l =a2 + b2 (a = l (mod 4)), and

*zl (    0    if a = 0 (mod 5),
Zx(*(*4- 5x2 + 5)) = \
x_o 1 — 4«     (u = a (mod 5)) if a ?k 0 (mod 5),

or p = 20k + 9 = a2+b2 (a=l (mod 4)), a«d

22x(x(x*-Sx* + S)) =  {
x-0 (4

if a = 0 (mod 5),

4«     (u = a (mod 5)) if a ^ 0 (mod 5).

Remark. It would be interesting to obtain proofs of Theorems 3 and 4

independent of congruences involving the binomial coefficients. The con-

gruences (2) and (3) would then follow as corollaries to Theorem 3. Several

proofs of (2) have been given, but as far as the writer knows, the proof of (3)

given by Eisenstein is the only one appearing in the literature.
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